In this paper we study a class of explicit pseudo two-step Runge-Kutta methods (EPTRK methods) with additional weights v. These methods are especially designed for parallel computers.
Introduction
For the numerical solution of systems of rst-order ordinary di erential equations (ODEs) y 0 = f(t; y); y(t 0 ) = y 0 ; y; f 2 R n ; ( 1l := (1; : : : ; 1) T and step size h m . F denotes the straightforward extension of f to R n s . Here, denotes the Kronecker tensor product. Notice that the EPTRK method (2) requires only one sequential function evaluation per step on a parallel computer with s processing elements. Numerical experiments with a variable step size implementation on a shared memory computer have shown that EPTRK methods perform well for non sti ( 3] ) and for mildly sti ( 9] ) problems. A more general class of two-step RK methods was introduced by Jackiewicz et The additional e ort to compute y m+1 in (3b) is small and the parallelization of the method is not a ected. The aim of this paper is to study the e ects of the new parameters v with respect to order and stability. A Taylor series expansion of y(t) in (4) shows that an EPTRK method is of local stage order q and local step order p if the simplifying conditions C(q) and B(p) de 10] for the case v = 0. One can nd methods which ful ll C(s + 1), however the c-vector will include large components and the error constants will be large. On the other hand, it is possible to satisfy B(l) with l > s + 1. However this will not increase the order of convergence in general. We will show that, for general c with an additional condition on b and v, the order of convergence is p = s + 2. We restrict here for simplicity to the case of a constant step size. 
Numerical Illustration of the Order Results
To discuss the impact of condition (5) for EPTRK methods we construct di erent sets of coe cients with 4-and 5-stages and apply the resulting methods to three (non sti ) test problems.
Construction of 4-stage Methods
We start with s = 4 stages. For any choice of knots c i a method with v = 0 is uniquely determined by B(4) and C(4). The remaining 4 degrees of freedom can be used to satisfy B(8) with cvector taken as Gaussian collocation points, as done for method gauss4 in Table 1 for this method vgauss4, see Table 1 .
Although it is naturally to guarantee condition (5) for arbitrarily chosen knots c i by introducing a suitable v vector, it is not necessary. By choosing special points c one can nd EPTRK methods with v = 0 which satisfy (5) These values guarantee (5) and B(s + 2) and give a small leading stage error coe cient kE s+1 k . y 0 = (y ? sin(t)) + cos(t); t 2 0; 10]; = 0:1; (9) with exact solution y(t) = sin(t).
ORBIT The best overall performance gives the method n5 with v = 0 and small error constants. Proof. The proof is given in the appendix of this report. A consequence of Theorem 4.1 is that it is not possible to improve the stability of EPTRK methods with a choice v 6 = 0 for high order methods. However, a nontrivial choice of the v-vector may be useful to conserve the stability for variable step sizes.
Conclusion
We have proposed a superconvergence condition (5) (5) can not longer be satis ed with v = 0. Since with v 6 = 0 the error behavior is more smooth we hope to obtain a more reliable error estimation and step size control in this case. This generalization to variable step sizes will be a topic of further work. In Theorem 4.1 we have shown that it is not possible to enlarge the stability regions of the EPTRK methods with B(s) and C(s ? 1) with the new parameters v of the integration scheme. However, the construction in 9] of a EPTRK method based on a given stability polynomial can be simpli ed with v 6 = 0.
6 Appendix
We will prove Theorem 4.1 in the following subsections of this appendix. This identity is veri ed in Lemma 6.3 below. This completes the proof. Note that we did not use the fact that the simpli ed method is based on the same nodes. The stability function of the simpli ed method is completely determined by the vectorp. This implies that we can choose arbitrary c i for the method with v T = 0. 
